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SEMI-FREDHOLM AND SEMI-BROWDER SPECTRUMS FOR
THE α-TIMES INTEGRATED SEMIGROUPS
A. TAJMOUATI, A. EL BAKKALI, M.B. MOHAMED AHMED AND H. BOUA
Abstract. In this paper, we describe the different spectrums of the α-times
integrated semigroups by the spectrums of their generators. Specially, essen-
tial ascent and descent, upper and lower semi-Fredholm and semi-Browder
spectrums.
1. Introduction
Let X be a complex Banach space and B(X) the algebra of all bounded linear
operators on X . We denote by D(T ), R(T ), R∞(T ) := ∩n≥1R(T
n), N(T ), ρ(T ),
σ(T ), and σp(T ) respectively the domain, the range, the hyper range, the kernel,
the resolvent and the spectrum of T , where σ(T ) = {λ ∈ C : λ−T is not bijective}
and σp(T ) = {λ ∈ C : λ−T is not one to one}. The function resolvent of T ∈ B(X)
is defined for all λ ∈ ρ(T ) by R(λ, T ) = (λ − T )−1. The ascent and descent of an
operator T are defined respectively by
a(T ) = inf{k ∈ N : N(T k) = N(T k+1)} and
d(T ) = inf{k ∈ N : R(T k) = R(T k+1)},
with the convention inf(∅) =∞. The essential ascent and descent of an operator
T are defined respectively by
ae(T ) = min{k ∈ N : dimN(T
k+1)/N(T k) <∞} and
de(T ) = min{k ∈ N : dimR(T
k)/R(T k+1) <∞}.
The ascent, descent , essential ascent and essential descent spectrums are defined
by
σa(T ) = {λ ∈ C : a(λ− T ) =∞};
σd(T ) = {λ ∈ C : d(λ− T ) =∞};
σae(T ) = {λ ∈ C : ae(λ− T ) =∞};
σde(T ) = {λ ∈ C : de(λ− T ) =∞};
The sets of upper and lower semi-Fredholm and their spectrums are defined respec-
tively by
Φ+(X) = {T ∈ B(X) : δ(T ) = dimN(T ) <∞ andR(T ) is closed},
σe+(T ) = {λ ∈ C : λ− T /∈ Φ+(X)}
and
Φ−(X) = {T ∈ B(X) : β(T ) = codimR(T ) =∞},
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σe−(T ) = {λ ∈ C\λ− T /∈ Φ−(X)}.
An operator T ∈ B(X) is called semi-Fredholm, in symbol T ∈ Φ±(X), if
T ∈ Φ+(X) ∪ Φ−(X).
An operator T ∈ B(X) is called Fredholm, in symbol T ∈ Φ(X), if
T ∈ Φ+(X) ∩ Φ−(X).
The essential and semi-Fredholm spectrums are defined by
σe(T ) = {λ ∈ C : λ− T /∈ Φ(X)};
σe±(T ) = {λ ∈ C : λ− T /∈ Φ±(X)};
The sets of upper and lower semi-Browder and their spectrums are defined respec-
tively by
Br+(X) = {T ∈ Φ+(X) : a(T ) <∞},
σBr+(T ) = {λ ∈ C : λ− T /∈ Br+(X)}
and
Br−(X) = {T ∈ Φ−(X) : d(T ) <∞},
σBr−(T ) = {λ ∈ C : λ− T /∈ Br−(X)}.
An operator T ∈ B(X) is called semi-Browder, in symbol T ∈ Br±(X), if
T ∈ Br+(X) ∪Br−(X).
An operator T ∈ B(X) is called Browder, in symbol T ∈ Br(X), if
T ∈ Br+(X) ∩Br−(X).
The semi-Browder and Browder spectrums are defined by
σBr±(T ) = {λ ∈ C : λ− T /∈ Br±(X)}
and
σBr(T ) = {λ ∈ C : λ− T /∈ Br(X)}.
Let α ≥ 0 and let A be a linear operator on a Banach space X . We recall that A
is the generator of an α-times integrated semigroup (S(t))t≥0 on X [2] if ]ω,+∞[⊆
ρ(A) for some ω ∈ R and there exists a strongly continuous mapping S : [0,+∞[→
B(X) satisfying
‖S(t)‖ ≤ Meωt for all t ≥ 0 and some M > 0;
R(λ,A) = λα
∫ +∞
0
e−λtS(t)ds for all λ > max{ω, 0},
in this case, (S(t))t≥0 is called an α-times integrated semigroup and the domain of
its generator A is defined by
D(A) =
{
x ∈ X :
∫ t
0
S(s)Axds = S(t)x −
tαx
Γ(α+ 1)
}
,
where Γ is the Euler integral giving by
Γ(α+ 1) =
∫ +∞
0
xαe−xdx.
We know that (S(t))t≥0 ⊆ B(X) is an α-times integrated semigroup if and only if
S(t+ s) =
1
Γ(α)
(∫ t+s
t
(t+ s− r)α−1S(r)xdr −
∫ s
0
(t+ s− r)α−1S(r)xdr
)
3for all x ∈ X and all t, s ≥ 0.
In [11], the authors have studied the different spectrums of the 1-times integrated
semigroups. In our paper [10], we have studied descent, ascent, Drazin, Fredholm
and Browder spectrums of the α-times integrated semigroups. In this paper, we
continue to study α-times integrated semigroups for all α ≥ 0. We investigate the
relationships between the different spectrums of an α-times integrated semigroup
and their generators, precisely the essential ascent and descent, upper and lower
semi-Fredholm and semi-Browder spectrums.
2. Main results
Lemma 2.1. [4, Proposition 2.4] Let A be the generator of an α-times integrated
semigroup (S(t))t≥0 ⊆ B(X) where α ≥ 0. Then for all x ∈ D(A) and all t ≥ 0 we
have
(1) S(t)x ∈ D(A) and AS(t)x = S(t)Ax.
(2) S(t)x = t
α
Γ(α+1)x+
∫ t
0
S(s)Axds.
Moreover, for all x ∈ X we get
∫ t
0
S(s)xds ∈ D(A) and
A
∫ t
0
S(s)xds = S(t)x−
tα
Γ(α+ 1)
x.
We begin by the lemmas.
Lemma 2.2. Let A be the generator of an α-times integrated semigroup (S(t))t≥0
with α > 0. Then for all λ ∈ C and all t ≥ 0
(1) (λ−A)Dλ(t)x =
∫ t
0 e
λ(t−s) sα−1x
Γ(α) ds− S(t)x, ∀x ∈ X where
Dλ(t)x =
∫ t
0
eλ(t−r)S(r)dr;
(2) Dλ(t)(λ−A)x =
∫ t
0 e
λ(t−s) sα−1x
Γ(α) ds− S(t)x, ∀x ∈ D(A).
Proof. (1) By Lemma 2.1, we know that for all x ∈ D(A)
S(s)x =
sα
Γ(α+ 1)
x+
∫ s
0
S(r)Axdr.
Then, since Γ(α+ 1) = αΓ(α), we obtain
S′(s)x =
sα−1
Γ(α)
x+ S(s)Ax.
Therefore, we conclude that
Dλ(t)Ax =
∫ t
0
eλ(t−s)S(s)Axds
=
∫ t
0
eλ(t−s)[S′(s)x−
sα−1
Γ(α)
x]ds
=
∫ t
0
eλ(t−s)S′(s)xds −
∫ t
0
eλ(t−s)
sα−1
Γ(α)
xds
= S(t)x+ λDλ(t)x−
∫ t
0
eλ(t−s)
sα−1
Γ(α)
xds
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Finally, we obtain for all x ∈ D(A)
Dλ(t)(λ −A)x =
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)
x.
(2) Let µ ∈ ρ(A). From proof of Lemma 2.1, we have for all x ∈ X
R(µ,A)S(s)x = S(s)R(µ,A)x.
Hence, for all x ∈ X we conclude
R(µ,A)Dλ(t)x = R(µ,A)
∫ t
0
eλ(t−s)S(s)xds
=
∫ t
0
eλ(t−s)R(µ,A)S(s)xds
=
∫ t
0
eλ(t−s)S(s)R(µ,A)xds
= Dλ(t)R(µ,A)x.
Therefore, we obtain for all x ∈ X
Dλ(t)x =
∫ t
0
eλ(t−s)S(s)xds
=
∫ t
0
eλ(t−s)S(s)(µ−A)R(µ,A)xds
= µ
∫ t
0
eλ(t−s)S(s)R(µ,A)xds−
∫ t
0
eλ(t−s)S(s)AR(µ,A)xds
= µ
∫ t
0
eλ(t−s)R(µ,A)S(s)xds−
∫ t
0
eλ(t−s)S(s)AR(µ,A)xds
= µR(µ,A)
∫ t
0
eλ(t−s)S(s)xds−
∫ t
0
eλ(t−s)S(s)AR(µ,A)xds
= µR(µ,A)Dλ(t)x −Dλ(t)AR(µ,A)x
= µR(µ,A)Dλ(t)x −
(
S(t)R(µ,A)x+ λDλ(t)R(µ,A)x −
∫ t
0
eλ(t−s)
sα−1
Γ(α)
R(µ,A)xds
)
= µR(µ,A)Dλ(t)x −
(
R(µ,A)S(t)x+ λR(µ,A)Dλ(t)x−R(µ,A)
∫ t
0
eλ(t−s)
sα−1
Γ(α)
xds
)
= R(µ,A)
[
(µ− λ)Dλ(t)x − S(t)x+
∫ t
0
eλ(t−s)
sα−1
Γ(α)
xds
]
Therefore, for all x ∈ X we have Dλ(t)x ∈ D(A) and
(µ−A)Dλ(t)x = (µ− λ)Dλ(t)x+
∫ t
0
eλ(t−s)
sα−1
Γ(α)
xds− S(t)x.
Finally, for all x ∈ X and all λ ∈ C we obtain
(λ−A)Dλ(t)x =
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)
x.

Lemma 2.3. Let A be the generator of an α-times integrated semigroup (S(t))t≥0
with α > 0. Then for all λ ∈ C, all t ≥ 0 and all x ∈ X
5(1) We have the identity
(λ−A)Lλ(t) + ϕλ(t)Dλ(t) = φλ(t)I,
where Lλ(t) =
∫ t
0 e
−λsDλ(s)ds, ϕλ(t) = e
λt andφλ(t) =
∫ t
0
∫ τ
0 e
−λr r
α−1
Γ(α) drdτ.
Moreover, the operator Lλ(t) is commute with each one of Dλ(t)and (λ−A).
(2) For all n ∈ N∗, there exists an Lλ,n(t) ∈ B(X) such that
(λ −A)Lλ,n(t) + [ϕλ(t)]
n[Dλ(t)]
n = [φλ(t)]
nI.
Moreover, the operator Lλ,n(t) is commute with each one of Dλ(t) and
λ−A.
(3) For all n ∈ N∗, there exists an operator Dλ,n(t) ∈ B(X) such that
(λ −A)n[Lλ(t)]
n +Dλ,n(t)Dλ(t) = [φλ(t)]
nI.
Moreover, the operator Dλ,n(t) is commute with each one of Dλ(t), Lλ(t)
and λ−A.
(4) For all n ∈ N∗, there exists an operator Kλ,n(t) ∈ B(X) such that
(λ−A)nKλ,n(t) + [Dλ,n(t)]
n[Dλ(t)]
n = [φλ(t)]
n2I,
Moreover, the operator Kλ,n(t) is commute with each one of Dλ(t), Dλ,n(t)
and λ−A.
Proof. (1) Let µ ∈ ρ(A). By Lemma 2.2, for all x ∈ X we have Dλ(s)x ∈ D(A)
and hence
Lλ(t)x =
∫ t
0
e−λsDλ(s)xds
=
∫ t
0
e−λsR(µ,A)(µ −A)Dλ(s)xds
= R(µ,A)[µ
∫ t
0
e−λsDλ(s)xds −
∫ t
0
e−λsADλ(s)xds]
= R(µ,A)[µLλ(t)x −
∫ t
0
e−λsADλ(s)xds]
Therefore for all x ∈ X , we have Lλ(t)x ∈ D(A) and
(µ−A)Lλ(t)x = µLλ(t)x−
∫ t
0
e−λsADλ(s)xds.
Thus
ALλ(t)x =
∫ t
0
e−λsADλ(s)xds.
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Hence, we conclude that
(λ−A)Lλ(t)x = λLλ(t)x −
∫ t
0
e−λsADλ(s)xds
= λLλ(t)x −
∫ t
0
e−λs
[
λDλ(s)x−
∫ s
0
eλ(s−r)
rα−1
Γ(α)
xdr + S(s)x
]
ds
= λLλ(t)x − λ
∫ t
0
e−λsDλ(s)xds+
∫ t
0
e−λs
∫ s
0
eλ(s−r)
rα−1
Γ(α)
xdrds −
∫ t
0
e−λsS(s)xds
= λLλ(t)x − λLλ(t)x +
∫ t
0
∫ s
0
e−λr
rα−1
Γ(α)
xdrds − e−λt
∫ t
0
eλ(t−s)S(s)xds
=
∫ t
0
∫ s
0
e−λr
rα−1
Γ(α)
xdrds − e−λtDλ(t)x
=
[
φλ(t)I − ϕλ(t)Dλ(t)
]
x,
where φλ(t) =
∫ t
0
∫ s
0
e−λr r
α−1
Γ(α) drds and ϕλ(t) = e
−λt.
Therefore, we obtain
(λ−A)Lλ(t) + ϕλ(t)Dλ(t) = φλ(t)I.
Since S(s)S(t) = S(t)S(s) for all s, t ≥ 0, then Dλ(s)S(t) = S(t)Dλ(s).
Hence
Dλ(t)Dλ(s) =
∫ t
0
eλ(t−r)S(r)Dλ(s)dr
=
∫ t
0
eλ(t−r)S(r)Dλ(s)dr
=
∫ t
0
eλ(t−r)Dλ(s)S(r)dr
= Dλ(s)
∫ t
0
eλ(t−r)S(r)dr
= Dλ(s)Dλ(t).
Thus, we deduce that
Dλ(t)Lλ(t) = Dλ(t)
∫ t
0
e−λsDλ(s)ds
=
∫ t
0
e−λsDλ(t)Dλ(s)ds
=
∫ t
0
e−λsDλ(s)Dλ(t)ds
=
∫ t
0
e−λsDλ(s)dsDλ(t)
= Lλ(t)Dλ(t).
7Since for all x ∈ X ALλ(t)x =
∫ t
0
e−λsADλ(s)xds and for all x ∈ D(A)
ADλ(s)x = Dλ(s)Ax, then we obtain for all x ∈ D(A)
(λ−A)Lλ(t)x = λLλ(t)x−ALλ(t)x
= λLλ(t)x−
∫ t
0
e−λsADλ(s)xds
= λLλ(t)x−
∫ t
0
e−λsADλ(s)xds
= λLλ(t)x−
∫ t
0
e−λsDλ(s)Axds
= λLλ(t)x− Lλ(t)Ax
= Lλ(t)(λ −A)x.
(2) Since (λ−A)Lλ(t) + ϕλ(t)Dλ(t) = φλ(t)I, then for all n ∈ N
∗ we obtain
[ϕλ(t)Dλ(t)]
n = [φλ(t)I − (λ−A)Lλ(t)]
n
=
n∑
i=0
Cin[φλ(t)]
n−i[−(λ−A)Lλ(t)]
i
= [φλ(t)]
nI − (λ −A)
n∑
i=1
Cin[φλ(t)]
n−i[−(λ−A)]i−1[Lλ(t)]
i
= [φλ(t)]
nI − (λ −A)Lλ,n(t),
where
Lλ,n(t) =
n∑
i=1
Cin[φλ(t)]
n−i[−(λ−A)]i−1[Lλ(t)]
i.
Therefore, we have
(λ −A)Lλ,n(t) + [ϕλ(t)]
n[Dλ(t)]
n = [φλ(t)]
nI.
Finally, for commutativity, it is clear that Lλ,n(t) commute with each one
of Dλ(t) and λ−A.
(3) For all n ∈ N∗, we obtain
[(λ−A)Lλ(t)]
n = [φλ(t)I − ϕλ(t)Dλ(t)]
n
=
n∑
i=0
Cin[φλ(t)]
n−i[−ϕλ(t)Dλ(t)]
i
= [φλ(t)]
nI −Dλ(t)
n∑
i=1
Cin[φλ(t)]
n−i[ϕλ(t)]
i[−Dλ(t)]
i−1
= [φλ(t)]
nI −Dλ(t)Dλ,n(t),
where
Dλ,n(t) =
n∑
i=1
Cin[φλ(t)]
n−i[ϕλ(t)]
i[−Dλ(t)]
i−1.
Therefore, we have
(λ −A)n[Lλ(t)]
n +Dλ(t)Dλ,n(t) = [φλ(t)]
nI.
8 A. TAJMOUATI, A. EL BAKKALI, M.B. MOHAMED AHMED AND H. BOUA
Finally, for commutativity, it is clear that Dλ,n(t) commute with each one
of Dλ(t), Lλ(t) and λ−A.
(4) Since we have Dλ(t)Dλ,n(t) = [φλ(t)]
nI − (λ − A)n[Lλ(t)]
n, then for all
n ∈ N
[Dλ(t)Dλ,n(t)]
n =
[
[φλ(t)]
nI − (λ−A)n[Lλ(t)]
n
]n
= [φλ(t)]
n2I −
n∑
i=1
Cin
[
[φλ(t)]
n
]n−i[
(λ−A)n[Lλ(t)]
n
]i
= [φλ(t)]
n2I − (λ−A)n
n∑
i=1
Cin[φλ(t)]
n(n−i)(λ−A)n(i−1)[Lλ(t)]
ni
= [φλ(t)]
n2I − (λ−A)nKλ,n(t),
where Kλ,n(t) =
∑n
i=1 C
i
n[φλ(t)]
n(n−i)(λ−A)n(i−1)[Lλ(t)]
ni. Hence we ob-
tain
[Dλ(t)]
n[Dλ,n(t)]
n + (λ−A)nKλ,n(t) = [φλ(t)]
n2I.
Finally, the commutativity is clear.

We start by this result.
Proposition 2.1. Let A be the generator of an α-times integrated semigroup
(S(t))t≥0 with α > 0. For all λ ∈ C and all t ≥ 0, if R
(∫ t
0 e
λ(t−s) sα−1
Γ(α) ds− S(t)
)
is closed, then λ−A is also closed.
Proof. Let (yn)n∈N ⊆ X such that yn → y ∈ X and there exists (xn)n∈N ⊆ D(A)
satisfying
(λ −A)xn = yn.
By Lemma 2.3, we obtain
(λ−A)Lλ(t)yn +Gλ(t)Dλ(t)yn = φλ(t)yn.
Hence, we conclude that(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)
Gλ(t)xn = Dλ(t)(λ−A)Gλ(t)xn
= Gλ(t)Dλ(t)(λ −A)xn
= Gλ(t)Dλ(t)yn
= φλ(t)yn − (λ −A)Lλ(t)yn.
Thus,
φλ(t)yn − (λ−A)Lλ(t)yn ∈ R
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)
.
Therefore, since R
(∫ t
0 e
λ(t−s) sα−1
Γ(α) ds− S(t)
)
is closed, Lλ(t) is bounded linear and
φλ(t)yn − (λ−A)Lλ(t)yn converges to φλ(t)y − (λ −A)Lλ(t)y, we conclude that
φλ(t)y − (λ−A)Lλ(t)y ∈ R
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)
.
9Then there exists z ∈ X such that(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)
z = φλ(t)y − (λ−A)Lλ(t)y.
Hence for all t 6= 0, we have φλ(t) 6= 0 and
y =
1
φλ(t)
(
[
∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)]z + (λ−A)Lλ(t)y
)
;
=
1
φλ(t)
((λ −A)Dλ(t)z + (λ−A)Lλ(t)y) ;
=
1
φλ(t)
(λ− A)[Dλ(t)z + Lλ(t)y].
Finally, we obtain
y ∈ R(λ−A).

The following result discusses the semi-Fredholm spectrum.
Theorem 2.1. Let A be the generator of an α-times integrated semigroup (S(t))t≥0
with α > 0. Then for all t ≥ 0
(1)
∫ t
0
e(t−s)σe+ (A) s
α−1
Γ(α) ds ⊆ σe+(S(t));
(2)
∫ t
0 e
(t−s)σe− (A) s
α−1
Γ(α) ds ⊆ σe−(S(t));
(3)
∫ t
0 e
(t−s)σe± (A) s
α−1
Γ(α) ds ⊆ σe±(S(t)).
Proof. (1) Suppose that
∫ t
0 e
λ(t−s) sα−1
Γ(α) ds /∈ σe+(S(t)), then there exists n ∈ N
such that δ
(∫ t
0 e
λ(t−s) sα−1
Γ(α) ds− S(t)
)
= n and R
(∫ t
0 e
λ(t−s) sα−1
Γ(α) ds− S(t)
)
is closed.
By Lemma 2.2, we obtain
N(λ−A) ⊂ N
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)
,
then
δ(λ−A) ≤ n.
On the other hand, from Proposition 2.1, we deduce that R(λ−A) is closed.
Therefore
λ /∈ σe+(A).
(2) Suppose that
∫ t
0
eλ(t−s) s
α−1
Γ(α) ds /∈ σe−(S(t)), then there exist n ∈ N such
that β
(∫ t
0
eλ(t−s) s
α−1
Γ(α) ds− S(t)
)
= n.
By Lemma 2.2, we obtain
R
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)
⊆ R(λ−A),
then β(λ −A) ≤ n and hence
λ /∈ σe−(A).
(3) It is automatic by the previous assertions of this theorem.

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Proposition 2.2. Let A be the generator of an α-times integrated semigroup
(S(t))t≥0 and α > 0. Then for all λ ∈ C and all t ≥ 0, we have
(1) d
(∫ t
0 e
λ(t−s) sα+1
Γ(α+)ds− S(t)
)
= n, then d(λ−A) ≤ n.
(2) a
(∫ t
0
eλ(t−s) s
α+1
Γ(α) ds− S(t)
)
= n, then a(λ−A) ≤ n.
Proof.
(1) Let y ∈ R(λ−A)n, then there exists x ∈ D(An) satisfying
(λ−A)nx = y.
Since d
(∫ t
0
eλ(t−s) s
α+1
Γ(α) ds− S(t)
)
= n, therefore
R
(∫ t
0
eλ(t−s)
sα+1
Γ(α)
ds− S(t)
)n
= R
(∫ t
0
eλ(t−s)
sα+1
Γ(α)
ds− S(t)
)n+1
.
Hence there exists z ∈ X such that(∫ t
0
eλ(t−s)
sα+1
Γ(α)
ds− S(t)
)nx
=
(∫ t
0
eλ(t−s)
sα+1
Γ(α)
ds− S(t)
)n+1
z.
On the other hand, by Lemma 2.3, we have
(λ −A)Lλ,n(t) + [ϕλ(t)]
n[Dλ(t)]
n = [φλ(t)]
nI,
with Lλ,n(t), Dλ(t) and (λ−A) are pairwise commute.
Thus, we have
[φλ(t)]
ny = (λ−A)n[φλ(t)]
nx
= (λ−A)n (λ−A)Lλ,n(t) + [ϕλ(t))
n
[Dλ(t)]
n]x
= (λ−A)n(λ−A)Lλ,n(t)x+ [ϕλ(t)]
n(λ−A)n[Dλ(t)
n]x
= (λ−A)n+1Lλ,n(t)x+ [ϕλ(t)]
n
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n
x
= (λ−A)n+1Lλ,n(t)x+ [ϕλ(t)]
n
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n+1
z
= (λ−A)n+1Lλ,n(t)x+ [ϕλ(t)]
n
(
(λ−A)n+1[Dλ(t)]
n+1z
)
= (λ−A)n+1
(
Lλ,n(t)x+ [ϕλ(t)]
n[Dλ(t)]
n+1z
)
.
Since φλ(t) 6= 0 for t > 0, we conclude that y ∈ R(λ−A)
n+1 and hence
R(λ−A)n = R(λ−A)n+1.
Finally, we conclude that
d(λ −A) ≤ n.
(2) Let x ∈ N(λ−A)n+1 and we suppose that a
(∫ t
0
eλ(t−s) s
α−1
Γ(α) ds− S(t)
)
= n,
then we obtain
N
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n
= N
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n+1
.
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From Lemma 2.2, we deduce that
N(λ−A)n+1 ⊆ N
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n+1
,
hence
x ∈ N
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n
.
Thus, we have
[φλ(t)]
n(λ −A)nx = (λ −A)n[(λ −A)Lλ,n(t) + [ϕλ(t)]
n[Dλ(t)]
n]x;
= (λ −A)n(λ −A)Lλ,n(t)x+ [ϕλ(t)]
n(λ−A)n[Dλ(t)]
nx
= (λ −A)n+1Lλ,n(t)x + [ϕλ(t)]
n
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n
x
= (λ −A)n+1Lλ,n(t)x
= Lλ,n(t)(λ −A)
n+1x
= 0.
Therefore, since φλ(t) 6= 0 for t > 0, we obtain x ∈ N(λ−A)
n and hence
a(λ−A) ≤ n.

The following theorem examines the semi-Browder spectrum.
Theorem 2.2. Let A be the generator of an α-times integrated semigroup (S(t))t≥0
with α > 0. Then for all t ≥ 0
(1)
∫ t
0
e(t−s)σBr+ (A) s
α−1
Γ(α) ds ⊆ σBr+(S(t));
(2)
∫ t
0
e(t−s)σBr− (A) s
α−1
Γ(α) ds ⊆ σBr−(S(t));
(3)
∫ t
0
e(t−s)σBr± (A) s
α−1
Γ(α) ds ⊆ σBr±(S(t)).
Proof. (1) Suppose that
∫ t
0 e
λ(t−s) sα−1
Γ(α) ds /∈ σBr+(S(t)), then there exist n,m ∈
N such that δ
(∫ t
0 e
λ(t−s) sα−1
Γ(α) ds− S(t)
)
= m, R
(∫ t
0 e
λ(t−s) sα−1
Γ(α) ds− S(t)
)
is closed and a
(∫ t
0
eλ(t−s) s
α−1
Γ(α) ds− S(t)
)
= n. From Lemma 2.2 and Propo-
sitions 2.1 and 2.2, we obtain
δ(λ −A) ≤ m, R(λ−A) is closed and a(λ−A) ≤ n.
Therefore λ−A ∈ Φ+(D(A)) and a(λ−A) <∞ and hence
λ /∈ σBr+(A).
(2) Suppose that
∫ t
0 e
λ(t−s) sα−1
Γ(α) ds /∈ σBr−(S(t)), then there exist n,m ∈ N such
that β
(∫ t
0 e
λ(t−s) sα−1
Γ(α) ds− S(t)
)
= m and d
(∫ t
0 e
λ(t−s) sα−1
Γ(α) ds− S(t)
)
=
n. By Lemma 2.2 and Proposition 2.2, we obtain β(λ−A) ≤ m and d(λ−
A) ≤ n.
Therefore λ−A ∈ Φ−(D(A)) and d(λ−A) <∞ and hence
λ /∈ σBr−(A).
(3) It is automatic by the previous assertions of this theorem.

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Proposition 2.3. Let A be the generator of an α-times integrated semigroup
(S(t))t≥0 with α > 0. Then for all λ ∈ C and all t ≥ 0, we have
(1) de
(∫ t
0
eλ(t−s) s
α−1
Γ(α) ds− S(t)
)
= n, then de(A− λ) ≤ n;
(2) ae
(∫ t
0
eλ(t−s) s
α−1
Γ(α) ds− S(t)
)
= n, then ae(A− λ) ≤ n.
Proof. (1) Suppose that
de
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)
= n.
Since
R
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n
⊆ R(λ−A)n,
we define the linear surjective application φ by
φ : R(λ−A)n → R
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n
/R
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n+1
,
y = (λ−A)nx →
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n
x+R
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n+1
.
Thus, by isomorphism Theorem, we obtain
R(λ−A)n/N(φ) ≃ R
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n
/R
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n+1
.
Therefore
dim(R(λ−A)n/N(φ)) = de
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)
= n.
Since
N(φ) ⊆ R
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n+1
⊆ R(λ−A)n+1,
hence
R(λ−A)n/R(λ−A)n+1 ⊆ R(λ−A)n/N(φ).
Finally, we obtain
de(λ−A) = dim(R(λ−A)
n/R(λ−A)n+1) ≤ dim(R(λ−A)n/N(φ)) = n.
(2) Suppose that
ae
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)
= n.
Since
N(λ−A)n+1 ⊆ N
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n+1
,
we define the linear application ψ by
ψ : N(λ−A)n+1 → N
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n+1
/N
(∫ t
0
eλ(t−s)
sα
Γ(α+ 1)
ds− S(t)
)n
,
x → x+N
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n
.
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Thus, by isomorphism Theorem, we obtain
N(λ−A)n+1/N(ψ) ≃ R(ψ) ⊆ N
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n+1
/N
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n
.
Therefore
dimN(λ−A)n+1/N(ψ) ≤ ae
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)
= n.
Since
N(ψ) ⊆ N
(∫ t
0
eλ(t−s)
sα−1
Γ(α)
ds− S(t)
)n
⊆ R(λ−A)n,
hence
N(λ−A)n+1/N(λ−A)n ⊆ N(λ−A)n+1/N(ψ).
Finally, we obtain
ae(λ−A) = dimN(λ−A)
n+1/N(λ−A)n ≤ dimN(λ−A)n+1/N(ψ) ≤ n.

We will discuss in the following result the essential ascent and descent spectrum.
Theorem 2.3. Let A be the generator of an α-times integrated semigroup (S(t))t≥0
with α > 0. Then for all t ≥ 0
(1)
∫ t
0 e
(t−s)σae (A) s
α−1
Γ(α) ds ⊆ σae(S(t));
(2)
∫ t
0 e
(t−s)σde (A) s
α−1
Γ(α) ds ⊆ σde(S(t)).
Proof. (1) Suppose that∫ t
0
e(t−s)λ
sα−1
Γ(α)
ds /∈ σae(S(t)).
Then there exists n ∈ N satisfying
ae
(∫ t
0
e(t−s)λ
sα−1
Γ(α)
ds− S(t)
)
= n.
Therefore, by Proposition 2.3, we obtain ae(λ −A) ≤ n and hence
λ /∈ σae(A).
(2) Suppose that ∫ t
0
e(t−s)λ
sα−1
Γ(α)
ds /∈ σde(S(t)).
Then there exists n ∈ N satisfying
de
(∫ t
0
e(t−s)λ
sα−1
Γ(α)
ds− S(t)
)
= n.
Therefore, by Proposition 2.3, we obtain de(λ−A) ≤ n and hence
λ /∈ σde(A).

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